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1. INTRODUCTION
We consider a general parametric optimization problem of the form

min f(x,€) s.t. x € R(g) P(c)
X

where f: E* x Ek > E1 and R 1is a point-to-set map from Ek to E° ,

as well as several specializations of this problem. Our primary inter-
est is the characterization of convexity and concavity properties of the
optimal value function f* of the problem P(c) (sometimes called the

perturbation function or the marginal function), defined as

e - v — e o«

inf, {f(x,e) | x e R(e)} , 1f R(e) # ¢
f*(e) =

+o ’ 1f R(e) = ¢
Sufficient conditions for several types of convexity and concavity

of f* , such as standard, strict, polyhedral, uniform, and homogeneous,

e e B i

are given in terms of assumptions on f and the feasible set map R .
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Surprisingly, most of the results seem to be new, despite the common
character of these notions. Convexity properties of the solution point-
to-set map S* defined by

s*(e) = {x € R(e) | f(x,e) = £*(e)}
are also briefly considered.

Convexity, concavity, and other fundamental properties of the opti~
mal value function f* and the solution set map S* , such as continuity,
differentiability, and so forth, form a theoretical basis for semsitivity,
stability, and parametric analysis in nonlinear optimization. Consequently,
interest in such properties and their applications has always béen mani-
fest [e.g., see Berge (1963) and Rockafellar (1970)]. Developments in
this general a?ea have been intensive during the past decade and there
have been considerable current efforts to provide a unified body of theory
and methodology. This is evidenced in particular by the recent emergence
of several monographs, by Rockafellar (1974), Brosowski (1982), Bank, et
al. (1982), and Fiacco (1983).

However, despite these important advances and the fact that a few
results concerning convexity and concavity of f* have been known for
some time, there does not appear to be any comprehensive or systematic
treatment of these properties in the literature. This paper endeavors
to provide this much-needed treatment, collecting important known results
and presenting many new results in a unified manner. Readers less familiar
with the various (generalized) notions of convexity and concavity utilized
here may consult the books by Mangasarian (1969) and Ortega and Rhein-
boldt (1970), or a recent survey by Avriel, et al. (1981) and the refer-

ences contained therein.
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We now specify several programs studied in this paper. Along with
problem P(€), we shall also consider a less general parametric optimiza-
tion problem,

min f(x) s.t. x € R(e) P'(g)
x

By specializing the feasible set (constraint set) map R of P(€), we
obtain the parametric nonlinear programming (NLP) problem,

nin £(x,g) s.t. gi(x,e) 20, i=1,...,m
xEM P3(e)
hj(xye) =0 ’ j = 1,---,P

where M <E", g: E" x el ,i=1,....m, hy: E7 x g+ gl

ji=1l,...,p, i.e., with R defined by

R(e) = {x e M | 8, (x,€) 20,1i=1,...,m, h,(x,€) =0, j =1,...,p} .

3

We may further specialize P3(e) to the general right-hand-side {grhs)

NLP problem,
min f(x,€) s.t. gi(x) 2 € i=1,...,m
XeM Pz(e)
hj(x)-em_‘_j 1 j-lt"'!p

i.e., with R defined by

R(e) = {x e M| gi(x) 2 €, 1= 1,..0,m, hj(x) =€, i 1,...,p} .

Note that Pz(e) differs from the standard rhs NLP problem for which
f(x,€) = £(x) . Finally, we also consider a problem of the form

min f(x,€) s.t. xegM Pl(e)
x

In the sequel several notions from convex analysis and the theory
of point-to-set maps will be frequently used. We define them here for
completeness. The set M C ET 1s a convex set if for any xl,x2 EM

and A e ([0,1] , )\xl + (l-A)x2 ¢ M. The convex hull of a set A K Er

-3

oy . . —
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is the set conv(a) = {Xxl + (l-k)x2 | x € A, A € [0,1]} . The set

1°%2
K <:Er is a cone if x € K implies Ax € K for all A >0, and K

is a convex cone if it is also convex, i.e., if Axl + uxz € K for all

Xys%, €K and A,u >0 . A point-to-set map R: Ek + g? assigns a

subset of E" (possibly empty) to each element of Ek . The domain of

R 1is the set domR = {¢ ¢ Ek I R(e) # ¢} . Tﬁe graph G of R 1is
defined by G(R) = {(e,x) | x € R(e)} . Also, we define the range of R
t : over A by R(A) = \U/ R(e) for any set ACEk .
F For these andeiﬁher notions of linear algebra and convex analysis, ?
and topology and point-to-set map theory, the reader is referred to the
books by Rockafellar (1970) and Berge (1963), respectively.

Several immediate extensions and applications of the results
given here are noted. Firstly, most of the results remain valid in more
general spaces, e.g., real vector, real vector topological, or Banach
spaces. Secondly, the Yesults for P(e) and P'(e) are applicable to ri-
ous problems of abstract optimal control theory, mathematical economics,
etc. Thirdly, many specific problems of nonlinear programming, e.g.,
geometric programming, separable programming, fractional programming,
etc. often possess structures that enable one to apply many of the results

glven here. Finally, it is possible to obtain many other results on gen-

eralized convexity and concavity properties of the optimal value function

A f* ., This will be the topic of the forthcoming paper.
. Applications of some of the results given here to the construc-
4 tion of simple upper and lower bounds on f* in parametric nonlinear and

geometric programming have been given in Fiacco (1983) and Kyparisis (1982).

(A first such application was probably the well known sensitivity result

of Everett (1963) for rhs convex programming problems.)

-k -
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A number of related recent results are not studied here, e.g.,
interesting results on paraconvex point-to-set maps [see Rolewicz (1979,
1980,1981)] and results concerning (global) Lipschitz continuity of f*
[see, e.g., Stern and Topkis (1976), Dolecki (1977,1978), and Robinson
(1981)]. Also, some extensions to multiobjective optimization were

obtained by Tanino and Sawaragi (1979,1980).

2. CONVEXITY OF THE OPTIMAL VALUE FUNCTION

An (extended) function ¢: Ef > El\l {~,»} 1is called "convex"
on a convex set M & E® [see, e.g., Rockafellar (1970)], if the epi-
graph set of f on M, {(x,r) ‘ xeg M, r> £(x)} is convex, or

equivalently if for all X15X, € M and ) ¢ (0,1),
¢O\x1 + (l-A)xz) < )‘q;(xl) + (1-0)¢(x,)

(where we adopt the convention that (—=) + ® = » ). The following
notion is well known.

The point-to-set map R: Ek + E" is called "convex" on a
convex set S < Ek if the set G(R) N (S x EY) is convex, or

equivalently if, for all €128 € S and ) e (0,1) ,

AR(ey) + (1-MR(egy) < R(xe + (l-k)ez) .

* [For a more general notion of a "B-convex" point-to-set map, see Borwein

(1977) and Tanino and Sawaragi (1979).] We introduce a slight extension

of the previous notion and call R: Ek + E" '"essentially convex" on a

convex set S & Ek

1f, for all €106 € 5, € $ €, » and 1 ¢ (0,1) ,
AR(g;) + (1-MR(gy) < RO\el + (l-k)ez) .

It 18 clear that if R 1s convex on S , then it is essentially convex

-5 -




O s

. ‘“w

o s o

s o —————————

T-471

on S. Aconvexmap R on S 1is also convex-valued on S , i.e., its
"value" R(e) at € € § 1is a convex set. However, an essentially con-

vex map may not be convex-valued at the boundary points of S , as shown

below.
Example 2.1
Consider R: EZ > El defined by
2 2
[0,1] , if €] + € <1
2 2
R(g),€,) = {0} V {1} , if €] +e;=1
2 2
$ , if €]+ & >1

and § = {(sl,ez) | sf + e§ €1} . If is easy to check that R is

essentially convex on § but R(sl,ez) is not convex if ei + cg =1 .

Proposition 2.2

Consider the general parametric optimization problem P(g). If ¢
is jointly convex on the set {(x,¢) | x e R(e), e € S} , R 1is essen-
tially convex or convex on S and S 1is convex, then f* {s convex
on § .

Proof: Let €1s€5 € s, € # €y and X ¢ (0,1) . Then by convexity

of f and essential convexity of R , we obtain

E*(hey + (1-1)e,) = inf £(x,2e; + (1-V)e,)
xeR(Ae,+(1-N)€,)
< inf  £0x; + (1-0)x,, Agp + (1-M)e,)
x;eR(e;)
x,€R(g,)

£  inf [Mf(x,,e;) + (1-A)f(x,,c,)]
xleR(el) 11 2'72
xzeR(ez)
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= ) inf f(xl,el) + (1-1) inf f(xz,ez)
xleR(el) xzeR(ez)
= Af*(el) + (l-k)f*(ez) Y

i.e., f* 1is convex on S . s

The above result is quite well known when R 1is convex and often
appears in a different but essentially equivalent form: if f: En x Ek -+
gt v {-»,»} is a jointly convex function (also called a bifunction),
then f* given by f*(g) = infx{f(x,s) | x € E'} is convex [Rockafellar
(1970, Thm. 29.1; 1974)]. If we assume that f > -» on E® x Ek and
define the point-to-set map R, by RO(E) = {x € E" | f(x,e) < +o} ,

then the problems

min f(x,€) s.t. X €E Po(e)
X
and
min f(x,€) s.t. X € Ro(e) P(g)
x

are equivalent. We prefer the latter form of the general problem since
it allows us to treat the constraints explicitly. Also, in the case of
essentially convex R , an equivalent problem Po(e) will not necessarily
have jointly convex 3 , where we define

o ;f(x,e) . if (e,x) € G(R)

f(x,c) =
l+° ’ if (e,x) ¢ G(R) .
Another extension of the notion of a convex point-to-set map is

k

introduced next. We call R: E.- + E* a "closure convex" point-to-set

map on a convex set S CEk if, for all €1»€y € S and X € (0,1) ,

MR(e;) + (1-MR(ey) ccz(R(xel + (1-Vey))
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where cR(A) denotes the topological closure of the set A . We ob-
serve that R 1is closure convex on S 1f and only if the map cf&R
given by clR(g) = chR(e)) is convex on S (this follows from the
fact that cf2(A) + c2(B) € cR(A+B) for arbitrary sets A and B ).
Also, if R 1is convex on S , then it is closure convex on S , but

not conversely, as shown in the next example.

Example 2.3

Consider R: El -> El

defined by
0,1) , if le|l <1
R(e) = {[0,1] , if |el =1
¢ R if le|l > 1
and S = {e | |e] €1} . It is easily seen that R is closure convex
but not convex on S (note that R 1is convex-valued on S ). Similar-

ly, we call R '"essentially closure convex'" on a convex set S 1if ciR

is essentially convex on S .

Proposition 2.4

Consider the general parametric optimization problem P(g). If f
is jointly convex on the set {(x,e) | x ¢ c2(R(e)), € € S} and upper
semicontinuous in x on the set cl(R(S)) for every e € S, R 1is
essentially closure convex or closure convex on S and § is convex,

then f* 1is convex on S .

Proof: Define R(g) = cz(R(s)) for ¢ ¢ S and denote f*(g) =

1nfx{f(x,e) | x ¢ R(e)} . By Proposition 2.2 f* is convex on S ,
since R 1is essentially convex on S . We now show that f*(g) = f*{¢)
for € €S . Obviously, f*(c) » f*(e) for €€ S . Let {x ) CR(e) ,

€ €S, be such that f*(g) = limn*w f(xn,e) (such a sequence exists by

-8 -
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definition of infimum). Then for every n there exists a sequence

{xnm} &€ R(e) such that x, = lim Xom * Thus by upper semicontinuity

m-rco
of £ ,
f(x ,e) = f[lim x__, €| 2 lim sup f(x__,e) 2 f*(e) ,
n L“*‘ nm oo nm
which implies that f*(e) > f*(e) , € € S . a

Remark 2.5

In the above proof we have shown that if f is upper semicontin-

uous in x and R(e) 1s an arbitrary set, then
fx(c) = inf f(x,e) = d1inf f(x,e) = £*(g)
xecl(R(g)) xeR(€)

In the following we consider specializations of Proposition 2.2
to problems P3(€) and Pz(e) [several other specializations are given in
Rockafellar (1974))}. 1In order to state sufficient conditions for the
convexity of R and f* for the parametric NLP problem P3(€), we need
the following definitions. A function ¢: EX -+ o V {~»,»} 1is called
"quasiconvex'" on a convex set M cE" [Fenchel (1953)] if the level
sets L_ = {x e M | ¢(x) € c} are convex for all c¢ € El'\l{-“,m} , OT

equivalently, if for all X 9%y €M and A € (0,1) ,
o(ax, + (1-0)x,) € max{o(x;),d(x,)} .

A convex function on a convex set M 1is also quasiconvex on M .
A function ¢: E° + gl V {-»,»o} is called "quasiconcave" on a
convex set M QE° [Fenchel (1953)]) if -¢ 1is quasiconvex on M , i.e.,

1f the level sets U_ = {x e M | ¢(x) » c} are convex for all c ¢ el v

{.“’”} .
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The function ¢ 1is called "quasimonotonic" on a convex set

r

McE [Martos (1967)] 1f ¢ 1is both quasiconvex and quasiconcave on

M, i.e., if the sets E_ = {x €M | ¢(x) = ¢} are convex for all
c € El V {-o,»} . If ¢ is affine on M , then clearly it is also

quasimonotonic on M .

Proposition 2.6

Consider the parametric NLP problem P3(e). If {gi} are jointly
quasiconcave on M x S , {hj} are jointly quasimonotonic on M x S
and M and S are convex sets, then R given by R(g) =

xewM| g, (x,€) 20,i=1,...,m, h,(x,6) =0, j =1,...,p} 1is convex

3

on S .

Proof: Consider

v

GR) N (S x E™) = {(e,x) € S x M | gs(x,€) 20, 1 = 1,...,m}

A {(e,x) €S xM]| hj(x,E) 0, 3 =1,...,p} .

By quasiconcavity of {gi} and quasimonotonicity of {hj} on M xS

this set is convex, implying convexity of R on S . L
The following result is now immediate.

Corollary 2.7

Consider the parametric NLP problem P3(e). If £ 1is jointly
convex on M x S , {81} are jointly quasiconcave on M x § , (hj}
are jointly quasimonotonic on M x § , and M and S are convex, then
f* 1is convex on S .

Proof: This follows directly from Propositions 2.2 and 2.6. s
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Corollary 2.7 generalizes the result of Mangasarian and Rosen
(1964), who assumed joint concavity (see the definition following) of
{81} to obtain convexity of f* (for the problem with inequality con-
straints only).

A function ¢: ET > El V {~=,»} 1is called "concave" on a convex
set M <Ef [see, e.g., Rockafellar (1970)]-if -¢ 1is convex on M
(see also Section 3 for this definition). It is called "affine" on M
if it is finite and both convex and concave on M (see also Section &

for this definition).

Proposition 2.8

[

Consider the grhs parametric NLP problem Pz(e). If {gi} are
concave on M , {hj} are affine on M and M 1is convex, then R

given by R(e) = {x ¢ M | gi(x) 2 € 1 =1,...,m, hj(x) = €m+j’

j=1,...,p} 1is convex.

Proof: This result follows directly from Proposition 2.6, since

Ei(x,s) = gi(x) - €y igs jointly quasiconcave and ﬂj(x,e) = hj(x) - €

is jointly quasimonotonic on M x Ek (k = mp) wunder the above assump-

m+j

tions. [ ]

Note that quasiconcavity of {81} in Proposition 2.8 is not
sufficient for the result to hold. To see this, consider the problem
min x , s.t. e* 2¢e (xe¢ El, € > 0) . Obviously, e* is quasicon-

cave but f#*(¢) = g¢n(e) 1is not convex.

Corollary 2.9

Consider the grhs parametric NLP problem Pz(e). If £ 1is jointly

convex on M x § , {81} are concave on M , {hj} are affine on M ,

-1] -
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and M and S are convex, themn f* is convex on S .

Proof: Follows immediately from Propositions 2.2 and 2.8. .

The above result is very well known for the standard rhs NLP
problem, i.e., when f(x,€) = f(x) [see, e.g., Rockafellar (1970, Thm.
29.1), Luenberger (1969, §8.3), and Geoffrion (1971)]. Note that for
Pl(e), joint convexity of £ on M xS and convexity of M and S
imply convexity of f* on S (since if M is convex, then R defined
by R(e) =M, ee S, is convex on S ).

We introduce still another extension of the notion of a convex

point-to-set map next. We call R: Ek + E® a "hull convex" ("essentially

hull convex'") point-to-set map on a convex set S <:Ek if the map
convR given by convR(g) = conv(R(g)) 1is convex (essentially convex) on

S , or equivalently, if for all €12€5 € S (el # 52) and A ¢ (0,1) ,
Aconv(R(el)) + (l-A)conv(R(gz)) < convCR(Ael + (l-A)ez)) .

Since for all ¢;,e, € S and )¢ (0,1) ,
Aconv(R(el)) + (1-A)convCR(52)) = conv(AR(el) + (l-A)R(Ez)) s

we can use the condition

AR(g,) + (1=))R(e,y) <conv(R(de; + (1-))e,y))

in the above definition. If R 1is convex on a convex set S , then R
is hull convex on S but not vice versa. For example, if M 1is not
convex, then R given by R(g) =M, ¢ ¢ S , is hull convex but not
convex on S . These two notions coincide if R 1is convex-valued; thus
a hull convex R 18 not necessarily convex-valued. The next result
partially generalizes Proposition 2.2 (see also Proposition 3.4 and

Remark 3.5).

-12 -
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Proposition 2.10

Consider the general parametric optimization problem P(e). If ¢
is jointly convex on the set {(x,€) | x € R(e), € € S} and quasicon-
cave in x on E" for every € € S, R 1is essentially hull convex or

hull convex on S , and S 1is a convex set, then f* 1is convex on S .

Proof: Define R(g) = conv(R(e)) for € €S . Denote E*(g) =

infx{f(x,s) | x € R(e)} . By Proposition 2.2 f* is convex on S ,
since R 1s convex on S . We show that actually f#*(g) = fx(e) for
€ €S . Clearly, f*(g) > f*(¢) , €€ S . Suppose that € € S and

x € R(€) . Then x = Xxl + (l—A)x2 for some XXy € R(e) and A €
(0,1) . By quasiconcavity of f

f(x,€) = f(Ax1 + (1-M)x,,€) 2 min{f(x,,€), £(x,,€)}

2 inf f(x,e) = f*(e) .
xeR(€g)

This shows that f*(g) > f*(g) . "

The notion of hull convexity can also be used to extend the defi-
nitions of polyhedral and homogeneous convex maps and maps convex at a
point (all of which are given later in this section) and the correspond-
ing results concerning f* can be similarly partially extended.

We shall now restrict the usual notions of convexity as follows.
We call a set M <E° "convex at X, € M " (also called "star-shaped at
X0 ") 1{f, for any x e M and ) ¢ (0,1) , Axo + (1-\)x e M. A func-
tion ¢: EF - El V {~w,»o} 1is called "convex at X, " ("concave at X ")

on a set M €Ef comvex at X if, for all xe¢ M and X ¢ (0,1) ,

o0xy + (1-0)x) €B) Ap(xy) + (1-2)¢(x)
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[see Mangasarian (1969) for a slightly more general definition, without

assuming convexity of M at Xg ].

We call ¢ "affine at X "on M convex at X

finite and both convex and concave at x0 on M . We now extend the
k, E® "convex at €9

0 if it is

notion of a convex map and call R: E on a set

S convex at € if G(R) N (S x En) is convex at (x,€ for all

0

X € R(Eo) , or equivalently, if for all €€ S and XA e (0,1) ,
AR(e,) + (1-MR(e) < RO\EO + (1-A)€) .
Furthermore, we call R '"essentially convex at €0 "on S convex at
€ if the above inclusion holds for all € € S , € # € and A € (0,1) .

This latter definition is slightly more general and allows for noncon-
vexity of R(so) . We state two results whose proofs parallel those of

Proposition 2.2 and Corollary 2.7 and are therefore not given.

Proposition 2.11

Consider the general parametric optimization problem P(g). If
f 1is jointly convex at (x,eo) for all x ¢ R(eo) on E" xS » R
is essentially convex or convex at €y on S and S§ 1is convex at

€g then f* 1is convex at €y on S .

Proposition 2.12

Consider the parametric NLP problem P3(e). If f 1is jointly
convex at (x,eo) for all x ¢ R(eo) on Mx S, {gi} are jointly
concave at (x,eo) for all x e R(gy) on M xS, {hj} are jointly

affine at (x,so) for all x ¢ R(eo) on MxS, M is convex and

S 1is convex at €y » then f* {ig convex at €y ©on S .
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A function ¢: Ef » El U {~o,o} 1is called "strictly convex" on a
convex set M CEX (see, e.g., Rockafellar (1970)] 1if, for all X15X, €

M, Xy # Xy and A ¢ (0,1) ,

o0, + (1-M)x,) < Ab(x)) + (1= (x,) .

Proposition 2.13

Consider the general parametric optimization problem P(g). If
f 1is jointly strictly convex on the set {(x,€) | x € R(e), € € S} ,
R 1is essentially convex or convex on S , S is convex and S*(g) ¥ ¢
for all €€ S (i.e., there exist solutions to P(e) for all €€ § ),
then f* is strictly convex on S .
Proof: Let €156 € S , € # €, » and A € (0,1) . Denote € =
Ael + (l-A)e2 . By our assumptions there exist x{ € S*(el) and
xg € S*(Ez) s, 80 by strict convexity of f and essential convexity or

convexity of R we obtain

A (e ) + (1-M)E*(e,) = AE(xd,e)) + (1-A)E(x$,€,)
> f(kxf + (1-A)x3,€,)
> inf f(xxl + (l-k)xz,ek)
xleR(el)
xzaR(ez)

2 inf f(x,ex) = f*(EA) ’
xeR(eA)

i.e., f* 1is strictly convex on S . a

For the NLP problem P3(e) we obtain the following result. A

similar result can be stated for Pz(e).
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Proposition 2.14

Consider the parametric NLP problem P3(€). If £ 1is jointly
strictly convex on M x § , {gi} are jointly quasiconcave on M x S ,
{hj} are jointly quasimonotonic on M XS , M and S are convex, and
S*(e) # ¢ for all € € S, then £f* is strictly convex on S .

Proof: Follows from Propositions 2.13 and 2.6 combined. L

Proposition 2.13 is not applicable if f(x,e) = £(x) for the
problem P'(e), but we can state another result that does apply to this

problem.

Proposition 2.15

Consider the parametric optimization problem P'(e). If f is
strictly ~onvex on the set R(S) , R 1is convex on S, S 1is convex,
S*(e) # ¢ for all €€ S, and S*(el) $ S*(ez) if €06, €S,
€, # €, » then f* 1s strictly convex on §S .

Proof: Let €15€5 € S, &  d €, and X € (0,1) . By our assumptions
there exist xI £ S*(el) . xg € S*(Ez) , and xI # x§ . Thus, by strict

convexity of f and convexity of R we have

Af*(el) + (l-A)f*(Ez) =- Af(xf) + (l-A)f(xi)

> £t + (1-0xg) 2 daf £Qx) + (1-M)x,)

xlek(el)
xzeR(ez)
> inf £(x) = f*(xel + (1-)e,)
x€R(Ae +(1-A)¢€,)
1 2
i.e., f* {is strictly convex on S . L
- 16 -
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Remark 2.16

Note that in Propositions 2.13 - 2.15, the S*(eg) are actually
singleton sets. Hence, the assumption that S*(El) # S*(ez) in Propo-
sition 2.15 means that S* (treated as a single-valued map) is one-to-

one on S .

Specialization of this result to the NLP problem P3(€) can be
easily obtained using Proposition 2.6,

Next, we consider the following strengthened notion of convexity.
We call ¢: EF » El V {-»,®} "uniformly convex with d(*) " on a
convex set M <E° [see Ortega and Rheinboldt (1970) for a slightly

different definition] if, for all X1sXy € M and X € (0,1) ,
o0xx, + (1-1)x,) < Ad(x)) + (1-M)d(xy) - A(1-Ddx~x, 1),

where d: [0,®) + [0,®) is an increasing function, with d(t) > 0 for

-" is an arbit.ary norm in E° .

t>0 and d(0) = 0, and |

Proposition 2.17

Consider the general parametric optimization problem P(e). If f
is jointly uniformly convex with d(+) on the set {(x,e) | x € R(e),
€ €S}, R 1is essentially convex or convex on S and S 1is a convex
set, then f* is uniformly convex with d(¢) on S .
Proof: Let €,,e, €5, € #€, and i e (0,1) . By our assumptions
and the properties of the function d and the norm, we obtain

£x(he; + (1-De,y) = inf £(x,he; + (1-1)¢,)
xeR(Ael+(l-k)ez)

< tnf £, + (1-0xy, Aep + (1-M)ey)
xleR(el)
xzeR(el)
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< inf  [M(x).)) + (I-NE(x,.6)) - AQ-0d((xp,e0) = (xp.65) 1)
xlsR(el)
xzeR(ez)

= fnf  [AE(xp,€)) + (1-ME(xy,65) = AA-NA(l(xy=xy, €1-e) )]
xleR(el)
xzeR(Ez)

€ inf  [ME(x.,€.) + (1-N)f(x,,e.)] - A(-Vd(le.~e. D
xleR(el) 1°"1 272 1 72
xzeR(ez)

=) dnf  £(x,e) + (- dnf  £(xy,€,) - A1-Md(le; ¢,

xleR(el) xzeR(ez)

= Af*(e)) + (1-M£*(ey) = A(-Nd(le;-¢, D

i.e., f* 1is uniformly convex with d(*) on S . s

Remark 2.18
Note that actually for the above result to hold, we need only

assume that, for any X %y € EY , el,e €S and X € (0,1) ,

2

f(xxl + (1-A)x,, ey + (1-1)e,) < M (x),€)) + (1=ME(xy,€,)
- A1-nd(les-e, b

This could be termed uniform convexity of € in ¢ with joint convexity

in (x,¢) .

Another observation is that Proposition 2.17, for the parametric
optimization problem P'(g), reduces to Proposition 2.2, i.e., one ob-
tains only convexity of f* . Finally, in the standard definition of
uniform convexity, one sets d(t) = ytz » Y> 0 [Pol'yak (1966), see
also Avriel, et al. (1981)] and the term 'strong convexity" is used in

this case.

- 18 -
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Specializations of the above result to the parametric NLP problem
P3(e) and the grhs parametric NLP problem Pz(e) can be easily stated in
a manner similar to Corollaries 2.7 and 2.10. Moreover, one can define
the notion of uniform convexity at a point and prove a result similar
to that in Proposition 2.11.

A "convex polyhedron" in E' is any set of the form
{x e E" | Ax<b}, where A isa s xr matrix and b e E° . A func-

1

tion ¢: EF »E- v {-w,»} is called "polyhedral convex" on a convex

polyhedron M <cE’ [see, e.g., Rockafellar (1970)] if the epigraph set

{(x,1) | X €M, r 2 ¢(x)} is a convex polyhedron. We call R: Ek + P

a "polyhedral convex' point-to-set map on a convex polyhedron S <IEk
[see, e.g., Rockafellar (1967) for a special case of this notion] if the
set G(R) N (S x En) is a convex polyhedron. A more general notion of

a "polyhedral" point-to-set map was given by Robinson (1981) (see Sec-

tion 4).

Proposition 2.19

Consider the general parametric optimization problem P(g). If f
is jointly polyhedral comvex on the set {(x,e) | x € R(e), € € S} ,
R 1is polyhedral convex on S , and S 1is a convex polyhedron, then

f* 1is polyhedral convex on S .

k

Proof: Define Z: E® x EX + EL V {=} by

f(x,c) , if xe R() and € € S
E(xoe) =

4o . otherwise.

By our assumptions f is polyhedral convex on E® x ET . Thus, by

Rockafellar (1970, Thm. 29.2), f*(eg) = infx{f(x,e) | X € En} is

polyhedral convex on S .
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A function ¢: E° =+ El V {-o,®} 1is called "polyhedral concave"
on a convex polyhedron M cEF if -¢ 1s polyhedral convex on M .

Proposition 2.19 can now be specialized to the problem P3(€) as follows.

Proposition 2.20

Consider the parametric NLP problem P3(e)._ If f 1is jointly
polyhedral convex on M x S , {gi} are jointly polyhedral concave
on M xS, {hj} are jointly affine on M xS , and M and S are

convex polyhedra, then f* is polyhedral convex on S .

Proof: Consider G(R) N (S x En) = {(e,x) € S xM | gi(x,e) Z 0,

i=1,...,m} N{(e,x) e S xM | hj(x,e) =0, j=1,...,m} . By our
assumptions this set is a convex polyhedron, hence R 1is polyhedral

convex on S . The result now follows from Proposition 2.19. L

A similar result can also be given for the grhs parametric NLP
program Pz(e) using Proposition 2.8.

Finally, we consider the notion of homogeneity and homogeneous
convexity. We call ¢: EF » El V {-=,»} a "positively homogeneous"
function on a cone K <E' [see, e.g., Rockafellar (1970)] if ¢(Ax) =

Ap(x) for all x e K and A >0 . We call R: Ek +EY a "positively

k (see, e.g., Rockafellar

homogeneous' point-to-set map on a cone K CE
(1967)] 1f R(Ae) = AR(ge) for all € ¢ K and X > 0, or equivalently,
1f G(R) N (K x E®) 1is a cone, Note that if ¢ 1is positively homo-

geneous on K and 0 € K, then ¢(0) = 0 if ¢(0) is finite. Also,

if R 1s positively homogeneous on K and 0 € K, then O € R(0) if

R(0) 1is a nonempty closed set.
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Proposition 2.21

Consider the general parametric optimization problem P(e). If
f 1is jointly positively homogeneous on E® x K » R 1is positively ho-
mogeneous on K , and K 1is a cone, then f* 1is positively homogeneous
on K.
Proof: Let A >0 and £ € K. Then Ac € K and by our assumptions,

fx(Ae) =  inf f(x,Ae) = inf f(Ax,Ae) = A inf f(x,¢€)

xeR(Ae) xeR(e) xeR(€)
= Af*(g) . .

The following specialization to P3(e) is immediate.

Proposition 2.22

Consider the parametric NLP problem P,(€). If ¢, {gi} and
{hj} are jointly positively homogeneous on M X K, and M and K
are cones, then f* 1is positively humogenecus on K .
Proof: 1In view of Proposition 2.21 we need only prove that R 1is
positively homogeneous on K , i.e., that G(R) N (K x En) is a cone.
Let (eg,x) € G(R) N (K % EY) and A> 0 be arbitrary. Then gi(x,e) 2
0,i=1,...,m, hj(x,e) =0, j=1,...,P , where x €M, €c€K.
By the assumptions above, Ax e M, Ae € K, and gi(Ax,Xe) = Agi(x,e) 2
0,4i=1,...,m, hj(lx,ke) = Ahj(x,e) =0, 3$=1,...,p , implying

that A(g,x) € G(R) N (K x E) . ]

Further specialization to Pz(e) is obvious. The next, more special

result applies in particular to Pl(e).

- 2] -
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Proposition 2.23

Consider again the general problem P(e). If f {is positively
homogeneous in € on K for every x € E" » R(Xe) = R(e) for any
cekK and A >0, and K 1is a cone, then f* is positively homogene-

ous on K .

Proof: Let e € K and A> 0. Then Xe € K and we obtain

fx(Ae) = inf £(x,Ae) = d1inf Af(x,e) = f*(e) . .
xeR(AE) x€R(€)
Similar results to Propositioms 2.21 - 2.23 were obtained by
Borwein (1980) for the problem

min f(x,€) PO(E)
xcED

k -> El v {-oo,oo} .

where f: E" x E
In accordance with the previous definitions, a function

¢: ET » El \/ {-»,»} 1s called "homogeneous convex (concave)" on a

convex cone K CE' if it is both positively homogeneous on K and

convex (concave) on K [see, e.g., Rockafellar (1970)]. As is well

1

known, if ¢: E' + E is both homogeneous convex and homogeneous concave

on a convex cone K , then ¢ 1is linear on K . A point-to-set map

R: Ek + E® will be called "homogeneous convex'" on a convex cone K CE

k
if it is both convex and positively homogeneous on K , or equivalently,
if G(R) N (K x En) is a convex cone. Rockafellar (1967,1970) intro-
duced and extensively studied such maps under the name of "convex pro-
cesges'" [he requires that (0,0) € G(R) N (K x En)]. He also considered

subclasses of convex processes called "monotone processes of a convex

(concave) type."

- 22 -
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Proposition 2.24

Consider the general parametric optimization problem P(e). If f
is jointly homogeneous convex on E® x K » R 1is homogeneous convex on
K, and K 1is a convex cone, then f* 1is homogeneous convex on K .

Proof: Follows directly from Propositions 2.2 and 2.21 taken together.®

We call ¢: ET -~ El\J {-=,®} "homogeneous quasiconvex (quasicon-
cave)" on a convex cone K CE' if ¢ 1is both positively homogeneous
and quasiconvex (quasiconcave) on K . A specialization of the above

conclusions yields the next result.

Proposition 2.25

Consider the general parametric NLP problem P3(€). If £ is
jointly homogeneous convex on M X K , {81} are jointly homogeneous
quasiconcave on M x k , {hj} are jointly linear on M X K, and M
and K are convex cones, then £f* is homogeneous convex on K .

Proof: Follows immediately from Corollary 2.7 and Proposition 2.22, =

Further specialization to Pz(e) is straightforward.

We call R: Ek +E" a "polyhedral homogeneous convex' point-to-

kK ff GR NEx*EY isa

set map on a convex polyhedral cone K CE
convex polyhedral cone (i.e., a convex cone and a convex polyhedron).
This notion was introduced by Rockafellar (1967), who calls it a "poly-

hedral convex process." [He assumes that (0,0) € G(R) N (K x EY) ].

Propogition 2.26

Consider the general parametric optimization problem P(e). If

f 1is jointly positively homogeneous and polyhedral convex on E® x K ,

- 23 -
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R 1is polyhedral homogeneous.convex on K , and K 1is a polyhedral
convex cone, then f* 1is positively homogeneous and polyhedral convex
on K .

Proof: Follows from Propositions 2.19 and 2.21. a

This result can also be easily specialized to the parametric

NLP problems P3(€) and Pz(e) in a straightforward manner.

3. CONCAVITY OF THE OPTIMAL VALUE FUNCTION
Recall from Section 2 that an (extended) function ¢: Er > El v
{-=,o©} is called "concave" on a convex set M cE" if -$ 1is convex

on M, i.e., if for all x €M and X ¢ (0,1) ,

1°%2
o0, + (1-0x,) 2 Ab(x)) + (1-M)d(x,) .

(here the convention is that (-®) + ® = —» )}, We call R: Ek +g" a

"concave" point-to-set map on a convex set S <:Ek if, for all

€5€, € S and A e (0,1) , %

RQre; + (1-x)e2) CAR(g)) + (1-MR(e,) .

This definition was given by, e.g., Tagawa (1978). [A more general
notion of a "B-concave' point-to-set map was introduced by Tanino and

Sawaragi (1979)].

Proposition 3.1

Consider the general parametric optimization problem P(g). If f
is jointly concave on E" x 8 s R 1s concave on § and S 1is a

convex set, then f* is concave on S .

- 24 =
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Proof: Let el,ez €S and X € (0,1) . Then by our assumptions we have

t*(de, + (1-M)e,) = inf £(x,2e; + (1-M)e,)
xeR(Ael+(1-A)ez)

3  inf fO\xl + (1-Nx,y, Aey + (1-V)e,)
xleR(El)
xzeR(ez)
> inf [Af(x,,€,) + (1=-M)f(x,,E,)]
x,ER(E,) 1" 272
1 1
xzeR(ez)
= )\ inf f(x,,€,) + (1-X) inf f(x,,€,)
xleR(el) 1 xZER(EZ) 2"2
= Af*(el) + (l-l)f*(ez) ,

(in the case when E, € domR and €, ¢ domR , Xel + (1-7\)62 ¢ domR and

the above inequality is still valid), i.e., f* 1is concave on S . -

Remark 3.2
Note that the intermediate function in the above proof given by
Bx(\) = inf fO\xl + (1-M)x,, Aep + (1-Me,) ,
x.€R(e,)
1 1
xzeR(ez)
where El,ez € S are fixed, 1s concave on [0,1] in view of Proposition
3.9 [since R(e;),R(e,) are fixed and f()\xl + (1-0)x,, Ae; + (1-x)e2)
is concave in A for any fixed X 5%y ]. Therefore f* is a concave
lower bound on f* on the interval [81,52] , henece a better bound than

the linear one given by £()) = Xf*(el) + (l-A)f*(ez) .

In order to strengthen the Proposition 3.1, we introduce the fol-
lowing notion, paralleling one introduced in Section 2. The point-to-set

map R: Ek + E" 1is called "hull concave" on a convex set S CIEk if the

- 25 -
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map convR given by convR(g) = conv(k(e)) is concave on S , or

equivalently, if for all 61,62 €S and A £ (0,1) ,
conv(R(Ael + (l-l)ez)) <:AconvCR(el)) + (l-A)convCR(ez)) .

Since the set on the right-hand side of the above inclusion is convex,
we can instead use the condition

RCAel + (l-A)ez) CZ)conv(R(el)) + (1-k)conv(R(€2)) .

This shows immediately that if R 1s concave on a convex set S , then
it is also hull concave on S . The following simple example shows that

the converse statement is not true.

Example 3.3
Consider R: El -+ El defined by

¢ , 1f <0
R(e) ={{0} Vv {1}, if e€=0
{1/2} , 1if €>0
and S = {el 0<e<1}. Then it is easily seen that R 1is hull con~-

cave on S , but is not concave on S .

However, if R 1s convex-valued on S (i.e., R(€e) 1is convex
for each € € S ), then the notions of concavity and hull concavity on

S coincide.

Proposition 3.4

Consider the general parametric optimization problem P(c). If ¢

is jointly concave on E" xS » R 1s hull concave on $§ , and § 1is

convex, then f* 18 concave on S .
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Proof: Define R(g) = conv(k(s)) for € € S . Denote E*(e) =

infx{f(x,e) I X € i(e)} . By Proposition 3.1 fx is concave on S .
since R is concave on S . We shall show that f*(e) = f*(g) for

€ € S . Obviously, f*(g) 2 f*(e) for €€ S . Suppose that € € S
and x € R(e) . Then x = Axl + (l—l)x2 for some XXy € R(e) and
A€ (0,1) . By the concavity of f ,

£(x,€) = fOxl + (1-0)x,,€) 2 Af(x),€) + (1-ME(x,,€)

> min{f(xl,e), f(xz,e)} 2 inf f(x,e) = f*(e) .
xeR(€)

This shows that f*(e) = inf f(x,£) > f*(e) . .
xeR(€)

Remark 3.5

The above proof basically shows that if f 1is concave (or quasi-
concave) in x and R(e) 1is an arbitrary set, then
fx(e) = inf £(x,€) = inf f(x,e) = £*(e) .
xeconv(R(g)) xeR(€)
This also implies that if x* ¢ S*(g) , i.e., x* 1is a solution
to the problem P(g), then it is also a solution to the problem

min f(x,e) s.t. X ¢ conv(R(e)) Be)
X

We also note that Remark 3.2 remains valid in this case, since for any

€11€5 € S and ) ¢ (0,1) , we have
Aconv(R(el)) + (l-A)conv(R(ez)) - conv(AR(el) + (l-A)R(ez)) ’

and by Remark 3.5,

inf £(x, Ae; + (1-))e,)
xeconv(AR(g )+(1-2)R(e,))
- inf £(x, A, + (1-D)e,) .
xeAR(g, )+(1-MR(e,)

- 27 -
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Similar to the convex case, we define the following notions. We
call R: Ek - E* a "weakly closure concave' point-to-set map on a convex

set S CEF if, for all €€, €5 and Ae (O,1),

2

R(Ael + (1-x)e2) < Acz(R(el)) + (1-Met(R(e,)) -

We also call R '"closure concave' on a convex set S if the map cfR
[given by ciR(g) = chR(e))] is concave on S . It follows that if R
is concave on S , then it is weakly closure concave on S , and if R(g)
is closed for all € € S , then all these three notions coincide. Also,
if R 1is closure concave on S , then it is weakly closure concave on

S , but not conversely (since in general the inclusion cf(A+B) < c2(A) +
cl(B) 1s not true even if A and B are convex sets, unless A or B

is bounded).

Proposition 3.6

Proof: Let €1s€p € S, xe (0,1) , and denote

Consider the general parametric optimization problem P(g). If f
is jointly concave on En x § and upper semicontinuous in x on E®
for every € € S, R 1is weakly closure concave or closure concave on
S and S 1is a convex set, then f* 1is concave on S .
€ = Agp * (1-Ne, -
Then by our assumptions we have

f*(c,) = inf f(x,e.) 2 inf ECXx + (1-0)%,,¢ )
A xeR(eA) A xlecz(R(el)) 1 277X
XZEC2(R(52))
P inf [)\f(x s E ) + (l'k)f(x s € )]
xlecL(R(el)) ' L
xzecz(R(ez))
= ) inf f(xl,el) + (1-)) inf f(xz,ez) .
x,ec2(R(¢g;)) xyeck(R(gy))
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In view of Remark 2.5 we obtain further that

f*(ex) Z A inf f(xl,el) + (1-2) inf f(xz,sz)
xleR(el) xzsR(sz)

= * - *
AEX(e)) + (1-A)E*(e,)
(in the case when € € domR and €,y £ domR , the above inequality

remains valid), i.e., f* is concave on S . e

Remark 3.7

We observe that the notions of hull concavity and closure concav-
ity of R can be combined by considering the sets cl(conv(R(e))) .
The analogue of Propositions 3.4 and 3.6 can be easily proven by combin-
ing these assumptions and noting that the closure of a convex set {is

also a convex set.

It is rather difficult to obtain specializations of Proposition
3.1 to the problems P3(e) and Pz(e), as was possible in the convex case.
However, the following result is an example of an application of this
proposition.

For a convex function ¢: EF El , the "subdifferential of ¢

at  x, " [see, e.g., Rockafellar (1970)] is defined as

3¢(xo) = {agE | ¢(x) - ¢(xo) > aT(x-xo), ¥xekE}.

Any vector a € 3¢(x0) is called a "subgradient of ¢ at X JUOIt is
well known that 3¢(x) # ¢ for all x ¢ E° if ¢ 1s finite and convex
on E' and that ¢(x0) = wtnx{¢(x) | X € Er} if and only if O ¢ ao(xo)
[see, e.g., Rockafellar (1970)]. Consider the problem

min f(x,z,¢) s.t. g, (x,e) +g,(z) 20 P (€)
(x,z)eHXEs 1 1 3

- 29 -




LIy et

T-471

Proposition 3.8

If f is jointly concave in (z,e) on E° x S for every x € M,
gl is convex in € on S for every x € M, El is convex on Er
and such that for all z ¢ E° , 0 ¢ Bgl(z) , S 1is convex and M 1is

arbitrary, then £* |, the optimal value function of Pé(e), is concave on S .

Proof: We shall prove that the feasible set map R'(g) =

{(x,2,v) | £(x,2,e) € v, g, (x,e) + gl(z) >0, x € M} of the equivalent
problem

min v s.t. (x,z,v) & R'(¢) Fé(e)
(x,z,v)

is concave on S , and thus by Proposition 3.1 v* , the optimal value
function of Pé(g), will be concave on S . This will imply concavity of
f* on S , since f* = y* |

Let (x,z,v) € R'(g,) , where e,6, € S, € =)g + (1-Ne;
A€ (0,1) . Then xeM, f(x,z,6,) SV, g (x,¢,) +3(2z) 0. By
the convexity and finiteness of §1 on EF , BEI(E) $#¢ . Let ace

r , gl(z) - 51(2) P aT(z-;) . Denote

351(;) . Then for all z ¢ E
b =g (2 - a’z . Then we have, for all z ¢ E' , g,(2) > alz + b and

also gl(i,ex) + aTE + b 20 . By convexity of g, in ¢ ,
- - T-
Ay = g (x,e)) + (1-M)g;(x,e5) +a°2+b20.

=0 and z = z_ + (aTZ/aTa)a . Such

s' T
Let zo € E be such that a z0 0

a vector z, exists, since a ¥ 0 , by our assumptions. Let z, =z, +

8y -5, (x,e)) - b)(a/(a’a)) , for 1 = 1,2 . Then it follows that z =
- - - T

Az) + (l-A)z2 and for 1 =1,2, gl(x,ei) + 81(21) # 81(x’ei) +az +

b= AA 2 0 . By concavity of f in (z,¢) ,
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¢y =V - Af(x,zl,el) - (l-A)f(x,zz,az) 20 .

Let = f(x,zi,ei) + ¢y for 1 =1,2 . Then v = Avl + (1-A)v2 and

Vi
v, 2 f(E,zi,ei) , 1=1,2 . Thus, (x,z,v) = A(i,zl,vl) + (1-A)(§,zz,v2)
and, in view of the above relationships, (E,zl,vl) € R'(sl) and
(§,22,v2) € R'(ez) , completing the proof of the concavity of R' on

S . s

Note that the condition O ¢ Bél(z) for all z £ E' holds if and only
if El does not attain a minimum on E' .

The next proposition is apparently well known.

Proposition 3.9

Consider the special problem Pl(E). If f 1is concave in € on
s S forall xe€M, S 1is convex and M is arbitrary, then £* is
concave on S .

€, €S, A€ (0,1) . By our assumptions,

Proof: Let El’ 2

f*(Ael + (1-x)e2) = inf £(x, Ae  + (l-A)ez)
xeM

2 inf [Af(x,el) + (l-k)f(x,ez)]
xEM

2 A inf f(x,el) + (1-A) inf f(x,e

)
XEM XEM 2

= Af*(el) + (l-k)f*(ez) ,

i.e., f* {s concave on S . ]

The following rather special result partially extends Proposition

3.9.

- 31 -
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Proposition 3.10

i
;
L
{
.

Consider the general parametric optimization problem P(g). If f
is quasiconcave in x on M for all € € S and is concave in € on
S forall xe M, S is convex and conv(R(e)) =M for all e€ S ,

then f* is concave on S .

Proof: Define f*(g) = infx{f(x,e) | x e M} for €€ S . By Proposi~

tion 3.9, f* is concave on S . In view of Remark 3.5, £*(g) =

in f(x,e) = f*(e) for € € S ; thus f* is also concave on §S .

fst(e)
]

Realizations of Proposition 3.9 are frequently used, in particular
when f 1is linear in € . For example, in linear programming, if
f(x,e) = sTx and M= {x20 l Ax 2 b} for some matrix A and vector
b, then f*(c) = infx{f(x,e) | x € M} 1is concave; see also Proposition
3.11. Note that Proposition 3.9 1is a version of a more general state-
ment, that inf . f  is concave if {fi} are concave for i€ I ,
where I 1is an arbitrary index set (and also can be viewed as a corol-
lary of Proposition 3.8).

As another application of this result, consider the Wolfe dual
of Pz(e) [Wolfe (1961)], with f(x,e) = £(x) (i.e., the standard rhs

parametric NLP problem),

max L(x,u,w,€) s.t. VxL(x,u,w,e) =0 Dz(e)
(x,u,w) w30
s XeM

where L 1is the Lagrangian function given by

m P
L(x,u,w,e) = f(x) - u, g, (x) - g,] + w,[h,(x) - ¢ ] .
121 181 i jzl 3 r+j
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Denote by L*(g) the optimal value of Dz(s) . Note that al-
though the Wolfe dual is usually defined under convexity assumptions on

Pz(e) , convexity assumptions are not needed in the following result.

Proposition 3.11

For arbitrary functions f , {gi} , and {hj} and an arbitrary
set M, L* is convex.
Proof: The function

Lk(c) = sup L(x,u,w,g) = ~inf [-L(x,u,w,c)] ,

(X,U,W)e%(e) (x,U,W)ERD(e)

where RD(e) = {(x,u,w) ] VxL(x,u,w,E) =0, u20, x € M} . Since -L
is linear in € and RD is constant, the result follows from Proposi-

tion 3.9. L]

Remark 3.12
This result can be further extended to the dual of the problem
min £(x) s.t. g, (x) >ge), 1=1,...,m

X Pé(E)

hj(X).Ej(E) s J=1l,..4,p

under the assumptions that the functions {Ei} are convex and that

{ﬁj} are affine.

Recalling the definition in Section 2, we call a function
é: ET » El\J {~w,o»} "concave at X, "onaset M CE convex at X »
if for all x e M and X € (0,1) ,

oQrxy + (1-0)x) 3 A (xy) + (1-1)(x) .

We also call the point-to-set map R 'concave at € " on a set S

convex at g if, for all € ¢S and X e (O,1) ,
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R(xso + (1-))¢e) CR(ey) + (1-MR(e)

Furthermore, we call R "hull concave at €0 " on a set S convex
at EO if the map convR 1is concave at EO on S .
The next two propositions parallel Propositions 3.1 (or 3.4) and

3.9.

Proposition 3.13

Consider the general parametric optimization problem P(e). If f

is jointly concave at (x,€ for all x € R(eo) on En x 8§, R is

o
hull concave or concave at EO on S, and S 1is convex at EO ,» then

f* is concave at EO on S .

Proof: Analogous to the proof of Proposition 3.1 (resp. Proposition 3.4)

if R 1is concave at € (hull concave at € "

O 0)-

Proposition 3.14

Consider the special problem Pl(e). If f 1is concave in € at
EO on § forany x €M, S is convex at 60 », and M 1{is arbitrary,
then f* is concave at EO on S .

Proof: Similar to the proof of Proposition 3.9. s

We now consider the notion of strict concavity. A function
o: EF » gl VU {-»,©} is called "strictly concave" on a convex set
McCE if -¢ 1s strictly convex on M , or equivalently, if for all

X0Xy € M, x ¥ x, and A e (0,1) ,

¢(Ax1 + (l—A)xz) > M(x)) + (1-0)6(x,y) .
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Proposition 3.15

Consider the general parametric optimization problem P(e). If f
is jointly strictly concave on E" x § » R 1is hull concave or concave
on S, S 1is convex, and S*(e) # ¢ for all € € S, then f* is

strictly concave on S .

Proof: In view of Remark 3.5 it is enough to prove the result for R

concave. Let el,ez €S, El # €5 » and A € (0,1) . Denote €y =
Ael + (l-)\)e2 . By our assumptions there exists x* ¢ S*(ex) and by
the concavity of R, x* = Xxl + (l-A)x2 for some X, € R(el) s

Xy € R(ez) . Using strict concavity of f we obtain

f*(ey) = f(x*,e,) = f(xxl + (l-A)xz,ex) 1

> M (xp,€0) + (1-DE(xy,€,) i
2 A inf f(x,el) + (1-1) inf f(x,sz)
xeR(el) xER(EZ)

Af*(el) + (l_x)f*(ez) s

i.e., f* 1is strictly concave on S . L]

In order to obtain the next result we introduce the following

k

notion. We call a point-to-set map R: E = o "strictly concave'" on

a convex set S CZEk if for any €196,y € s, € #e,,and A e (0,1)

2

and x ¢ R(Ael + (l-A)ez) there exist x, € R(g;) and x, € R(ez)

1
such that X ¥ X, and x = Axl + (1-A)x2 . It is clear that if R is
strictly concave on S , then it is concave on S . However, if R is
concave on S 1t need not be strictly concave on S . For example, if

R(e) = M for £e S, where M is arbitrary, then R 1is concave on

S , but it is strictly concave on S only if M does not have any
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extreme points [ Xy € M 1is called an "extreme point of M " if Xy =
Axl + (l-k)x2 for some X%,y €M and XA e (0,1) implies that x; =
X, }. Also, we call R '"strictly hull concave" on a convex set S if

the map convR is strictly concave on S .

Proposition 3.16

Consider the parametric optimization problem P'(e). If f
is strictly concave on E" » R 1s strictly hull concave or strictly
concave on S , S 1is convex, and S*(g) # ¢ for all € € S , then
f* 1is strictly concave on S .
Proof: By Remark 3.5 if is enough to give the proof for the case
when R is strictly concave. Let €126 € S, £ # €, » A e (0,1) ,
and €y = Ael + (l-k)s2 . By our assumptions, there exists x* ¢ S*(Ex)
and, by strict concavity of R, x* = Xxl + (l-l)x2 for some X €

R(el) » Xy € R(€2) > X # Xy Using strict concavity of f we have
f*(e)) = £(x*) = fO\xl + (1-0)x,) > Af(x)) + (1-A)f(x,))

2  inf f(x) + (1-)) inf f(x) = Af*(el) + (1-A)f*(ez) .
xeR(el) xeR(ez)

i.e., f* 1is strictly concave on S . .
For the special problem Pl(e) we obtain the following result.

Proposition 3.17

Consider the problem Pl(e). If f 1is strictly concave in € on
S forall xeM, S 1is convex, M 1is arbitrary, and S*(c) ¥ ¢
for all € € S, then f* 13 strictly concave on § .
Proof: Let €12€, € s, €, $ €y » X e (0,1) , and € = Xel + (l-k)e2 .

By the assumptions there exists x* ¢ S*(EA) . Using strict concavity
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of f we obtain

f*(sx) = f(x*,ex) > Af(x*,sl) + (l—l)f(x*,sz)

2 X inf f(x,e,) + (1-1) inf f(x,e,) = Af*(e;) + (L-A)f*(e,) ,
1 2 1 2
xeM xeM

i.e., f* 1is strictly concave on S . e

As a counterpart to the notion of uniform convexity considered
in Section 2, we consider the notion of uniform concavity. We call
$: E- ~+ El U {~®,o} "uniformly concave with d(*) " on a convex set
M cCE' if -¢ 1s uniformly convex with d(¢) on M, i.e., if for

all X)Xy EM and X e (0,1) ,
o0, + (1-0)x,) 2 20(x) + (1-1)d(xy) + A(A-Md(lx)~x, D),

where d: [0,®) » [0,2) is an increasing function with d(t) > 0 for

l is an arbitrary norm in Er .

t >0 and d(0) =0, and

Proposition 3.18

Consider the general parametric optimization problem P(e). If f
is jointly uniformly concave with d(*) on E" x § , R 1is hull con-
cave or concave on S , and S 1is a convex set, then f* is uniformly
concave with d(*) on S .

Proof: In view of Remark 3.5, we prove the result only for R concave.
Let €165 E S and A £ (0,1) . By our assumptions and the properties

of the function d and the norm, we have

£x(de; + (1-))g,) = inf £(x, Xe; + (1-M)e,)
xeR(Ael+(1-A)sz)

2 inf  £0x, + (1-M)x,, Ae, + (1-))e,)
1 2* %1 2
xleR(sl)
xzeR(ez)
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? inf [Xf(xl,el) + (1'A)f(x2’52)

xleR(el)

%,ER(E,) + 21-0d( xp e~ (xy,8 ) 1]
=  1inf [(Af(x,,e,) + (1-A\)f(x,,€E,)

xleR(el) 11 2'2

XZER(EZ) + X(l-X)dC" (xl-x2) 81-62) ")]
2 inf [Af(x,,e.) + (1-A)f(x,,€,)]

xlsR(el) 11 272

%,ER(E,) + A@-Nd (e -,

A inf f(x,el) + (1-A) inf f(x2,€2)
xleR(el) xzeR(ez)

+ A1-Madle -,

AE*(E)) + (1-D)E*(e,) + x(l—x)d(ﬂel-ezu)

(if sl € domR and 62 ¢ domR the inequality above remains valid),

i.e., f* 1is uniformly concave with d(*) on S . a

Note that for the parametric optimization problem P'(c), this result
reduces to the previous one in Proposition 3.1, namely, the concavity
of f* ., Also, see the remarks following Proposition 2.17 concerning

uniform convexity, since they are applicable in this case as well.

Proposition 3.19

Consider the special problem Pl(e). If f 1is uniformly concave
in & with d(*) on S for all xe M, S 1is convex and M is
arbitrary, then f* 1is uniformly concave with d(¢) on S .

Proof: Let €1s€, € S, Ae (0,1) . By our assumptions,
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£*(he; + (1-1)ey) = inf £(x, e, + (1-))e,)
XeEM

> inf [M(x,€)) + (-DE(x,e,) + A(1-Dd(le;-¢, )]
xXEM

2 A inf f(x,el) + (1-A) inf f(x,c

)
xeM XeEM 2

+ A(1-0d (e -e, [
= Ax(e)) + (1-M)E*(ey) + A(1-Nd(fe ¢, D),

i.e., f* is uniformly concave with d(¢) on S . ]

Finally, we consider the notion of homogeneous concavity intro- ﬂ
duced in Section 2. Recall that ¢: EX + E' y {~=,®} is called "homo-
geneous concave' on a convex cone K CE' if it is both positively
homogeneous on K , i.e., ¢(Ax) = Ap(x) for all x e K and A >0,

k

and concave on K . Analogously, a point-to-set map R: E = En will J

be called "homogeneous concave' on a convex cone K C:Ek if it is both
concave and positively homogeneous on K . (See Section 2 for the latter

notion.) Recently Ioffe (1979) introduced the notion of a "fan,"

which in our terminology is a convex-valued homogeneous concave point-
to-set map (in a finite-dimensional space he slightly modified this
definition). We additionally define R to be a "homogeneous hull

k

concave'" point-to-set map on a convex cone K CE if it is both hull

concave and positively homogeneous on K .

Proposition 3.20

Consider the general parametric optimization problem P(e). If f
is jointly homogeneous concave on E® x K » R 1s homogeneous hull
. concave or homogeneous concave on K , and K 1is a convex cone, then

f* 1is homogeneous concave on K .
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Proof: Follows directly from Propositions 3.1 (or 3.4) and 2.21 taken

together. [ ]

Proposition 3.21

Consider the special problem Pl(e). If f 1is homogeneous concave
in € on K for all xe M, K 1is a convex cone and M 1is arbitrary,
then f* is homogeneous concave on K .

Proof: Follows immediately from Propositions 3.9 and 2.23. L

4. AFFINENESS OF THE OPTIMAL VALUE FUNCTION AND
CONVEXITY PROPERTIES OF THE SOLUTION SET MAP

We shall consider here the solution set map S*: Ek + E® for the
general parametric problem P(e) given by

S*(e) = {x € R(e) | f(x,e) < f*(e)} .

The following result is well knownm.

Proposition 4.1

Consider the general parametric optimization problem P(e). If f
is quasiconvex in x for all €€ S, R is convex-valued on § (i.e.,
R(e) 1is convex for any € € S ), and S 1is an arbitrary set, then S*
is convex-valued on S .
Proof: Let €€ S . Then R(gc) 1is convex and the set {x | f(x,e) €
f*(e)} 1s convex by quasiconvexity of f in x , so S*(g) is also

convex. ]

A function ¢: EF » El is called "affine" on a convex set M CE'

if, for all X 9%y € M and X e (0,1) ,

o(xx, + (1-))x,) = Ad(x)) + (1-2)o(x,) .
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Thus ¢ 1is affine on M 1if it is finite and both convex and concave
on M. We call R: Ek + E® an "affine" point-to-set map on a convex
set S <:Ek if R 1is both convex and concave on S , i.e., if for all
€)s€, € S and Ae (0,1),
AR(e;) + (1-MR(e,) = R(Qe; + (1-M)e,) .

This notion was introduced and utilized by Tagawa (1978).

Note also that R 1is affine on S if and only if R 1is both
convex and hull concave on S . We can slightly extend this defini-~
tion and call R: Ek + E® "essentially affine" on a convex set S <:Ek

if it is both essentially convex and concave on S , i.e., if for all

€15€p € S, £ # €, » and X ¢ (0,1) ,
AR(e)) + (1-MR(e,) = RQAe; + (1-M)¢,) .

Recently Penot (1982) also introduced this notion, calling such R an
“"affine" point-to-set map. It is clear that if R 1is affine on a con-
vex set S , then it is essentially affine on S . The converse state-
ment is not true, similar to the case of essential convexity of R .

We also introduce the following notions. The point-to-set map R:

ES 5 E®

i3 called "hull affine" ("essentially hull affine") on a convex
set S CE° if the map convR given by convR(g) = conv(R(e)) is
affine (essentially affine) on S , or equivalently if, for all €15€5 €

[3 (el ¢ 52) and A € (0,1) ,

AconVCR(el)) + (l-A)conv(R(ez)) = conv(k(kel + (l—A)ez)) .
An affine map R 1s also hull affine, i.e., both hull convex and hull
concave. An example of a map that is hull affine but not affine is
provided by the "constant" map R given by R(¢) =M, ¢ ¢ S , where
S 1s convex and M 1is arbitrary, and not convex.
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The following result shows that affineness of the map S* is
generally possible only under strong assumptions on f and R , assump-

tions which also imply that f* is affine, if it is finite.

Proposition 4.2

Consider the general parametric optimization problem P(e). If f
is jointly affine on E® xS » R 1is (essentially) affine on S , and
S € domR is convex, then f* is both convex and concave on S and S*
is an (essentially) affine point-to-set map on S . If R is only
(essentially) hull affine on S , then f* is both convex and concave
on S .
Proof: Convexity and concavity of f* on S follows directly from
Propositions 2.2 and 3.1 in the first case and from Propositions 2.10
and 3.4 in the second case. Now, for 61’52 €S, Xe (0,1) , denote
e = Ael + (1->\)e2 and let x* € S*(el) . x3 3 S*(ez) , L.e.,

1
* * *
x} € R(el) » X§ € R(ez) with f(xl,el) < f*(el) . f(xg,ez) < f*(ez)
By convexity of R , Xxf + (l-k)x§ € R(EA) . Also, by convexity of f
and concavity of f* |

f(Axile + (1-)x%, e)‘) < M(x#,e)) + (1-M)E(x%,E,)
< Af*(el) + (1-A)f*(62) <€ f*(ek) ,
i.e., S* 1is convex on S . Assuming that €1 g €, we would only
obtain that S* 1s essentially convex on S . To prove concavity of

S* on S, let x* ¢ S*(ex) . Then x* ¢ R(EA) and, by concavity of

R, xt= Axl + (l-A)x2 for some X, € R(el) » X9 E R(ez) . If either

X, ¢ S*(el) or x, ¢ S*(Ez) , then by concavity of f ,
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f*(e,) > £(x*,,) = £0x) + (1-)x,, ex)
> Mxp,e)) + (1-DE(xy,6,) > M*(e)) + (1-Df*(e,) ,

contradicting convexity of f* . Thus, x, € S*(sl) and x, € S*(ez) ,

1
with x* = kxl + (l-l)x2 , completing the proof. s

Remark 4.3

Note that convexity of S* follows under assumptions that
f and R are convex and f* 1is concave, but this is possible essen-

tially only if both f and R are affine.

Corollary 4.4

Consider the general parametric optimization problem P(g). If f
is jointly affine on E" x S , R 1is polyhedral convex and affine on S ,
and S QdomR 1is a convex polyhedron, then f* is both polyhedral convex

and concave on S and S* is polyhedral convex and affine on §S .

Proof: 1In view of Propositions 2.19 and 4.2, we need only prove that

S* is polyhedral convex on S , i.e., that G(S*) f} (S x EY) is a

convex polyhedron. Note that

G(S*) N (s x EM = GR) N (s x EM N {(g,x) | £(x,€) € £4(e)} .
Since R 1is polyhedral convex on S , f 1is affineon S and f* is
both convex and concave on S , both sets G(R) N (S x E") and
{(e,x) | f(x,e) € f*(g)} are convex polyhedra, hence so is the set

G(S*) N (S x En) , thus proving the result. a

Note that if f* 1is finite in Corollary 4.4, then it is affine.
Note also that if R 1s affine on a convex polyhedron S , then in

general R 1is not polyhedral convex on S . For instance, if R(e) = M ,
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€e€eS, S 1is a convex polyhedron, and M 1is a convex set but not a
convex polyhedron, then R is affine on S but G(R) N (S X EY) is
not a convex polyhedron.

The following generalization of the notion of a polyhedral convex

point-to-set map R was introduced by Robinson (1981). A point-to-set

map R: Ek + E? is called "polyhedral"” if G(R) 1is a union of finitely

many convex polyhedra. Consider a convex quadratic programming problem

T

min l-xTCx + glx

2 s.t. Ax 2 €ys X Z0, QP (¢)
xEE

where C is a positive semidefinite n X n matrix, A is an arbitrary

m X n matrix, and € = (el,ez)T £ En+m is the parameter vector. Robin-

son (1981) proves that the solution set map S* for QP(e) is polyhedral.

Combining the notions of closure convexity and closure concavity

we call R: Ek + E? a "closure affine" point-to-set map on a convex

set S CEk if the map c¢fR 1is affine on S .

Proposition 4.5

Consider the general parametric optimization problem P(g). If
f 1is jointly affine on E® x S and upper semicontinuous in x on the
set cZCR(S)) for every € € S, R 1is closure affine on S and
S € domR 1is convex, then f* is both convex and concave on S .
Proof: Follows directly from Proposition 4.2 and Remark 2.5 taken

together. .

Affineness of S* does not seem to follow from the above assump-
tions, since in general the inclusion S*(e) < S*(e) = {x e c&(R(e)) |
f(x,e) < fx(e)} » € €5, 18 strict (this inclusion is a consequence of
Remark 2.5).
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1 "affine at x,. "

Recall from Section 2 that we call ¢: EF + E 0

on a set M CE' convex at X if for all x e M and A € (0,1)

00y + (1-0x) = M(xy) + (1-V$() .

Generalizing the notion of affineness for point-to-set maps, we call R

"affine at ¢ " on a set S convex at if R 1is both convex at

0° €

and concave at €, on S, i.e,, if for all €€ S and A e (0,1) ,

€ 0

0

AR(eq) + (1-MR(e) = R(Agy + (1-M)e) .

We shall call R: Ek + g8 "essentially affine at €0 " on a set

S convex at if the above equality holds for all € e S, € # €

€ »
and X € (0,1) . This notion was also recently introduced and utilized

by Penot (1982), who calls such R a "semi~affine" point-to-set map.

Clearly, if R 1is affine at €, on S , then it is essentially affine

0

at €y On S , but not vice versa (the set R(eo) need not be convex

if R 1is essentially affine at €9 ).

Proposition 4.6

Consider the general parametric optimization problem P(g). If f

is jointly affine at (x,eo) for all x ¢ R(eo) on E" xS , R is
(essentially) affine at €; on S, and S CdomR is convex at €, , then
f* 1is both convex and concave at €, on S and S* 1is (essentially)

0

affine at €, on S .

0

Proof: Convexity and concavity of f* on S follows directly from

Propositions 2.11 and 3.13, respectively. The proof of (essential)

affineness of S* at € parallels the proof of Proposition 4.2. a
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We call R: Ek + E® a "homogeneous affine" point-to-set map on

a convex cone K C:Ek if it is both affine and positively homogeneous
on K [Rockafellar (1967) calls such a map 'quasi-linear']. Note that

a homogeneous affine map is both homogeneous convex and affine. The

following examples show that these latter notions are distinct. Let

R1: El -+ El be defined by R1(€) ={x | 0<x<1} for all € ¢ El .
Then R1 is affine on E1 but not homogeneous convex on El . Let
R,: g} + EY be given by R,(e) = {x | x= |e|]} for all €€ gl .
Then R, is homogeneous convex on El but not affine on El . We now

2

give a result involving these notions.

Proposition 4.7

Consider the general parametric optimization problem P(e). If f
is jointly linear on En x K, R 1is homogeneous affine on K , and
S CdomR is a convex cone, then f* is both homogeneous convex and homo-
geneous concave on K and S* 1is a homogeneous affine point-to-set
map on K .

Proof: Homogeneous convexity and concavity of f* follows from Propo-

sitions 2.21 and 4.2. Affineness of S* follows from Proposition 4.2.
To prove that S* is positively homogeneous, let € € K, x € S*(e) ,
A>0 . Since Ax € R*(Ae) and f(Ax,Ae) = Af(x,c) € Af*(c) = f*(Ae) ,

it follows that Ax € S*(Ae) . e

Note that in the above result f* will be linear on K 1if it is
finite on K , since a homogeneous and affine function is linear.
The following notion was introduced by Berge (1963) [see also

Crouzeix (1973)]. A point-to-set map R: Ek + E" is called "linear" on
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a linear subspace V <ZEk 1f GR) N (V x E) is a linear subspace, or

equivalently if, for all €265 € V and A,u# 0,
kR(el) + uR(ez) = R(kel + uez) .

It is immediately seen that if R 1is linear on a linear subspace V ,
then it is homogeneous affine on V . The following example shows that

the converse is not true.

Example 4.8
Consider R: gl > gt given by R(e) = {x | x <€} . Then it is
easy to check that R 1is affine on E1 . But G(R) 1is a half-space in

E2 and not a linear subspace, so R 1is not linear on El

Proposition 4.9

Consider the general parametric optimization problem P(e). If f
is jointly linear on En xV, R 1is linear on V , and V CdomR is a
linear subspace, then f* if both homogeneous convex and concave on V .
If, in addition, f* is finite on V , then f* is linear on V and
S* 1is a linear point-to-set map on V .
Proof: The first part of the result and homogeneous affineness of S¥*

follow directly from Proposition 4.7. Concerning the second part, we

thus need only prove that S*(-e) € -S*(g) . Let x* € S*(-e) , e eV,
i.e., f(x*,-¢) = f*(-g) , Then by linearity f(-x*,e) = f*(e) , i.e.,
-x* £ S*(e) . .
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3 5. CONCLUDING REMARKS
A In this section we would like to summarize briefly the develop-
ments given in the preceding sections. In Section 2 we provide suffi-

cient conditions for various (standard) convexity properties of the

optimal value function f* . The notion of convexity of R and the
basic result in Proposition 2.2 (for R convex) are well known. We
slightly extend the definition of convexity by introducing essential
convexity and closure convexity and generalize this basic result in

Propositions 2.2 and 2.4. Proposition 2.6 gives general sufficient

conditions for convexity of R for the parametric NLP problem P3(e)

which enables us to generalize the result of Mangasarian and Rosen

(1964) (Corollary 2.7) and forms the basis for applications of most other
: [ results to P3(E). Specialization of this proposition to the grhs NLP
problem Pz(e) is standard. A partial extension of Proposition 2.2 (see
Proposition 2.10) is obtained using a new notion of hull convexity of

R . We introduce the notion of convexity at a point for R and obtain

another extension of the basic result in Propositions 2.11 and 2.12.
Results concerning strict convexity of f* (Propositions 2.13 - 2.15)
and uniform convexity of f* (Proposition 2.17) appear to be new.

; Similar results on polyhedral convexity (Propositions 2.19 - 2.20) and
positive homogeneity (Propositions 2.21 - 2.23) were obtained previously
in a different setting by Rockafellar (1970) and Borwein (1980), re-
spectively. Results on homogeneous convexity (Propositions 2.24 - 2,25)

were obtained earlier in more special cases.

Concavity properties of f* are considered in Section 3. Unlike

’ in Section 2, virtually all the results in this section (except for
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Proposition 3.9) appear to be new at this level of generality. The
notion of concavity of R , although known, has not been widely used and
the basic result in Proposition 3.1 seems to be new in the literature.
By introducing the notion of hull concavity of R we are able to fur-
ther extend this basic result in Proposition 3.4. Similar to the con-
vex case, the notions of closure concavity and weak closure concavity
allow for a slight extension of Proposition 3.1 (see Proposition 3.6).
It is difficult, however, to specialize these results to the parametric
NLP problem P3(€) and grhs NLP problem Pz(e). One such application is
given in Proposition 3.8. Undoubtedly, other results of that type would
be of interest. Proposition 3.9 is a special result which is apparently
well known. Proposition 3.10 is closely related énd appears to be new.
An interesting novel application of Proposition 3.9 is given in Proposi-
tion 3.11.

Introduction of the notion of concavity and hull concavity at
a point for R 1leads to an extension of basic Propositiomns 3.1 and
3.4 (Proposition 3.13). Proposition 3.9 can be similarly extended (see
Proposition 3.14). Results on strict concavity (Propositions 3.15 -
3.17) and the notion of strict concavity of R appear to be new, as do the
results on uniform concavity (Propositions 3.18 - 3.19) and homogeneous
concavity (Propositions 3.20 - 3.21).

Section 4 contains results concerning both the optimal value
function f* and the solution set map S* . Proposition 4.2 is the
basic result of this section and appears to be new. It demonstrates
the surprising fact that essentially the same conditions which imply

convexity of S* as a point-to-gset map also imply concavity, and hence,
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affineness of S* . Affineness of f* (in the case when f* is finite)
easily follows from the basic results of Sections 2 and 3 and their
extended versions in the case of a hull affine point-to-set map R .
Strengthening the assumptions of Proposition 4.2 gives a stronger result
in Corollary 4.4. By introducing the notion of a closure affine map R
we obtain affineness of f* (for finite f£* ) under slightly different
assumptions in Proposition 4.5. Extension of Proposition 4.2 is ob~
tained using the notion of a point-to~set map affine at a point (see
Proposition 4.6). Finally, two results are obtained giving sufficient

conditions for linearity of £f* and homogeneous affineness or linearity

of S* (Propositions 4.7 and 4.9).




t
g
j

T~471

REFERENCES

AVRIEL, M., W. E. DIEWERT, S. SCHAIBLE, and W. T. ZIEMBA (1981). Intro-
duction to concave and generalized concave functions. In Gener-
alized Concavity in Optimization and Economics (S. Schaible and
W. T. Ziemba, eds.), pp. 21-50. Academic Press, New York.

BANK, B., J. GUDDAT, D. KLATTE, B. KUMMER, and K. TAMMER (1982). Non-
Linear Parametric Optimization. Akademie-Verlag, Berlin.

BERGE, G. (1963). Topological Spaces. Macmillan, New York.

BORWEIN, J. M. (1977). Multivalued convexity and optimization: a uni-
fied approach to inequality constraints, Mathematical Programming,
Vol. 13, No. 2, pp. 183-~199.

BORWEIN, J. M. (1980). A strong duality theorem for the minimum of a
family of convex programs, Jowrnal of Optimization Theory and
Applications, Vol. 31, No. 4, pp. 453-472.

BROSOWSKI, B. (1982). Parametric Semi-Infinite Optimization. Verlag
Peter Lang, Frankfurt am Main.

CROUZEIX, J.-P. (1973). Continuité des applications linéaires multi-
voques, Revue Frangaise d'Automatique, Informatique, et de
Recherche Opératiomnelle, Vol. 7, Ser. Rl, pp. 62-67.

DOLECKI, S. (1977). Remarks on semicontinuity, Bulletin de l'Académie
Polonaise des Sciences, Vol. 25, No. 9, pp. 863-867,

DOLECKI, S. (1978). Semicontinuity in constrained optimization, Control
and Cybermetics, Vol. 7; Part 1.1l: Metric spaces, No. 2, pp. 6-16;
Part I.2: Normed spaces, No. 3, pp. 18-26; Part II: Optimization,

No. 4, pp. 51-68.

- 51 -




T-471

EVERETT, H. (1963). Generalized Lagrange multiplier method for solving
problems of optimum allocation of resources, Operations Research,
Vol. 18, No. 1, pp. 107-118.

FENCHEL, W. (1953). Convex Cones, Sets and Functions. Lecture Notes,
Princeton University Press, Princeton, NJ.

FIACCO, A. V. (1983). Introductton to Semsitivity and Stability Analy-
sig in Nonlinear Programming. Academic Press, New York.

GEOFFRION, A. M. (1971). Duality in nonlinear programming: A simplified
application oriented development, SIAM Review, Vol. 13, No. 1, pp.
1-37.

IOFFE, A. D. (1979). Differentielles generalisées d'applications locale-
ment Lipschitziennes d'un espace de Banach dans un autre, Comptes
Rendus des Séances de 1'Académie des Sciences, Vol. 289, Serie
A-B, pp. 637-639. |

KYPARISIS, J. (1982). Optimal value bounds for posynomial geometric
programs. Technical Paper Serial T-464, Institute for Management

Science and Engineering, The George Washington University.

LUENBERGER, D. G. (1969). Optimization by Vector Space Methods. John
Wiley, New York.

MANGASARIAN, 0. L. (1969). WNonlinear Programming. McGraw-Hill, New
York.

MANGASARIAN, O. L. and J. B. ROSEN (1964). Inequalities for stochastic
nonlinear programming problems, Operations Research, Vol. 12, No.
1, pp. 143-154,

MARTOS, B. (1967). Quasi-convexity and quasi-monotonicity in nonlinear
programming, Studia Seientiarum Mathematicarum Hungarica, Vol. 2,

PP. 265-273.

- 52 -




T-471

ORTEGA, J. M. and W. C. RHEINBOLDT (1970). Iterative Solution of Non-
linear Equations in Several Variables. Academic Press, New York.

PENOT, J.-P. (1982). Differentiability of relations and differential
stability of perturbed optimization problems, preprint, Univer-
sité de Pau, Pau, France.

POL'YAK, B. T. (1966).  Existence theorems and convergence of minimizing
sequences in extremum problems with restrictions, Soviet Mathe-
maties, Vol. 7, pp. 72-75.

ROBINSON, S. M. (1981). Some continuity properties of polyhedral multi-
functions, Mathematical Programming Study, Vol. 14, pp. 206-214,
North-Holland, Amsterdam.

ROCKAFELLAR, R. T. (1967). Monotone Processes of Convex and Concave
Type. American Mathematical Society, Memoir No. 77.

ROCKAFELLAR, R. T. (1970). Convex Analysis. Princeton University Press,
Princeton, NJ.

ROCKAFELLAR, R. T. (1974). Conjugate Duality and Optimization, SIAM,
Philadelphia, PA.

ROLEWICZ, S. (1979). On paraconvex multifunctions, Operations Research
Verfahren, Vol. 31, pp. 539-546.

ROLEWICZ, S. (1980). On graph y-paraconvex multifunctions. In Speeial
Topics of Applied Mathematicse (J. Frehse, D. Pallaschke and U.
Trottenberg, eds.), pp. 213-217. North-Rolland, Amsterdam.

ROLEWICZ, S. (198l1). On conditions warranting ¢2-subdifferentiability,
Math. Programming Stud., Vol. 14, pp. 215-224. North-Holland,
Amgterdam.

STERN, M. H. and D. M. TOPKIS (1976). Rates of stability in nonlinear
programming, Operations Reseéarch, Vol. 24, No. 3, pp. 462-476.

- 53 =




—— e mm e — e ——

T=-471

TAGAWA, S. (1978). oOptimierung mit mengenwertige Abbildungen, Ph.D.
dissertation, University of Mannheim.

TANINO, T. and Y. SAWARAGI (1979). Duality theory in multiobjective
programming, Journal of Optimization Theory and Applications,

Vol. 27, No. 4, pp. 509-529.

TANINO, T. and Y. SAWARAGI (1980). Conjugate maps and duali&y in multi-
objective optimization, Journal of Optimization Theory and Appli-
eationg, Vol. 31, No. 4, pp. 473-499.

WOLFE, P. (1961). A duality theorem for nonlinear programming, Quarterly

of Applied Mathematics, Vol. 19, No. 3, pp. 239-244.

- 54 =



.

OFFICE OF NAVAL RESEARCH
STATISTICS AND PROBABILITY PROGRAM

BASIC DISTRIBUTION LIST

FOR

UNCLASSIFIED TECHNICAL REPORTS

FEBRUARY 1982
Copies
Statistics and Probability
Program (Code 411(SP))
O0ffice of Naval Research
Arlington, VA 22217 3

Defense Technical Informatfon
Center

Cameron Station

Alexandria, VA 22314 12

Commanding Officer

Office of Naval Research
Eastern/Central Regional Office
Attn: Director for Science
Barnes Building

495 Summer Street

Boston, MA 02210 1

Commanding Officer

Office of Naval Research
Western Regional Office

Attn: Dr. Richard Lau

1030 East Green Street
Pasadena, CA 91101 1

U. S. ONR Liaison Office - Far East
Attn: Scientific Director
APO San Francisco 96503 1

Applied Mathematics Laboratory
David Taylor Naval Ship Research
and Development Cegter

Attn: Mr. G. H. Gleissner
Bethesda, Maryland 20084 1

Commandant of the Marine Coprs
(Code AX)
Attn: Dr. A. L. Slafkosky
Scientific Advisor
Washington, DC 20380 1

Copies

Navy Library

National Space Technology Laboratory
Attn: Navy Librarian

Bay St. Louis, MS 39522 1

U. S. Army Research Office

P.0. Box 12211

Attn: Dr. J. Chandra

Research Triangle Park, NC
27706 1

Director

National Security Agency

Attn: R51, Dr. Maar

Fort Meade, MD 20755 1

ATAA-SL, Library

U.S. Army TRADOC Systems
Analysis Activity
Department of the Army

‘White Sands Missile Range, NM

88002

ARI Field Unit-USAREUR

Attn: Library

¢/o ODCSPER

HQ USAEREUR & 7th Army

APO New York 09403 1

Library, Code 1424
Naval Postgraduate School
Monterey, CA 93940 1

Technical Information Division
Naval Research Laboratory
Washington, DC 20375 1

OASD (I&L), Pentagon
Attn: WMr. Charles S. Smith
Washington, DC 20301 1




—— e o

3 v
% TY S
" .

De o
. £y

Copies

Director

AMSAA

Attn: DRXSY-MP, H. Cohen

Aberdeen Proving Ground, MD 1
21005

Dr. Gerhard Heiche
Naval Air Systems Command

(NAIR 03)
Jefferson Plaza No. 1
Arlington, VA 20360 1

Dr. Barbara Bailar

Associate Director, Statistical
Standards

Bureau of Census

Washington, DC 20233 1

Leon Slavin

Naval Sea Systems Command
(NSEA OSH

Crystal Mall #4, Rm. 129

Washington, DC 20036 1

B. E. Clark
RR #2, Box 647-B
Graham, NC 27253 1

Naval Underwater Systems Center

Attn: Dr. Derrill J. Bordelon
Code 601

Newport, Rhode Island 02840 1

Naval Coastal Systems Center
Code 741

Attn: Mr. C. M. Bennett
Panama City, FL 32401 1

Naval Electronic Systems Command
(NELEX 612)

Attn: John Schuster

National Center No. 1

Arlington, YA 20360 1

Defense Logistics Studies
Information Exchange

Ammy Logistics Management Center

Attn: Mr. J. Dowling

Fort Lee, VA 23801 1

<o sy T 7 WG OB~ -

Copies

Reliability Analysis Center (RAC)
RADC/RBRAC
Attn: I. L. Krulac
Data Coordinator/
Government Programs
Griffiss AFB, New York 13441 1

Technical Library
Naval Ordnance Station

Indian Head, MD 20640 1
Library

Naval Ocean Systems Center

San Diego, CA 92152 1

Technical Library

Bureau of Naval Personnel

Department of the Navy

Washington, DC 20370 1

Mr. Dan Leonard

Code 8105

Naval Ocean Systems Center

San Diego, CA 92152 1

Dr. Alan F. Petty

Code 7930

Naval Research Laboratory
Washington, DC 20375 1

Dr. M. J. Fischer

Defense Communications Agency

Defense Communications Engineering
Center

1860 Wiehle Avenue

Reston, VA 22090 1

Mr. Jim Gates

Code 9211

Fleet Material Support Office

U. S. Navy Supply Center
Mechanicsburg, PA 17055 1

Mr. Ted Tupper

Code M-311C

M{l{tary Sealift Command
Department of the Navy ]
Washington, DC 20390 1

- A Y ———— P,




Copies Copf

Mr. F. R. Del Priori

Code 224

Operational Test and Evaluation 4
Force (OPTEVFOR) ‘

Norfolk, VA 23511 : 1

et e B e e . s e o .







